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/— s ' Abstract. A new derivation is given of Branson's factorization formula for the confor- 

mally invariant operator on the sphere whose principal part is the fc-th power of the scalar 

I/"") ' Laplacian. The derivation deduces Branson's formula from knowledge of the correspon- 

ding conformally invariant operator on Euclidean space (the fc-th power of the Euclidean 
Laplacian) via conjugation by the stereographic projection mapping. 

o 
q, 

(-H \ 2000 Mathematics Subject Classification: 53B20 



Key words: conformal Laplacian; stereographic projection 



Ctf 
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Dedicated to the memory of Tom Branson 



The powers of the Laplacian on W n satisfy an invariance property with respect to conformal 



OO 

r — \ motions. If C is a conformal transformation satisfying C*gE = ^ 2 9e, where gE denotes the 

Euclidean metric and O is the conformal factor, then 



A k = (c- 1 )*n- n / 2 - k A k n n / 2 ~ k c*, ken, (i) 



where the powers of Q act by multiplication. This observation is the motivation for consideration 
of the "conformally invariant powers of the Laplacian" on a general curved conformal manifold 
/\i • (see [5]). In [I], Tom Branson derived the explicit form of such operators on the sphere S n . He 

showed that any operator on S n which satisfies the transformation law analogous to (pj), where 
now C is a conformal transformation of S n with conformal factor Q, necessarily is a multiple of 

•,), Ci = (i+J-l)(?-i)- (2) 



n> 



Here Ag denotes the Laplacian on the sphere, and our sign convention is A = ^df on W 1 . 
To prove this, he introduced what are now called spectrum generating functions, by showing 
how to use infinitesimal conformal invariance to derive the full spectral decomposition of such an 
invariant operator from knowledge of its eigenvalue on a single spherical harmonic. Branson also 
used this argument to give the form of the pseudodifferential intertwining operators satisfying 
a transformation law analogous to (pQ) but involving more general, possibly complex, powers 
of a 
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There are now (at least) two other derivations of the factorization (|2|). In [3] , ([2]) is derived via 
a construction using tractors, and in [2] by explicit solution of the algorithm of [S] in terms of the 
dual Hahn polynomials, a family of discrete orthogonal polynomials. Both of these derivations 
show that the same formula gives a conformally invariant operator for any Einstein metric whose 
scalar curvature agrees with that of S n . This can also be deduced directly from Branson's result 
for S n and the form of the GJMS algorithm; see the discussion in [2]. A rescaling gives the 
corresponding formula for general Einstein metrics. 

In this note we give a direct argument relating the operator A on R n and the operator ([2]) 
on S n under stereographic projection. Thus the conformal invariance of the operator ([2]) is 
a consequence of (pQ). The case k = 1 is the Yamabe operator, whose conformal invariance, 
and therefore whose behavior under stereographic projection, is well-known. The argument here 
deduces the relation for k > 1 from the case k = 1 together with a calculation of pullback under 
stereographic projection. From this perspective, the constants Cj for j > 1 are manufactured 
from c\ by the stereographic projection mapping. 

The derivation presented here is the analogue in the conformal case of an argument in [4] 
relating CR invariant operators on odd-dimensional spheres to corresponding operators on the 
Heisenberg group via the Cayley transform. The CR case is more complicated: there is a 1- 
parameter family of invariant operators for each k, and the operators on the Heisenberg group 
are not powers of a fixed operator, but rather are products of various of the Folland-Stein 
operators. 

2 Derivation 

Let $ : S n \ {p} — > R n be stereographic projection: 

3>(x', x n+ i) = x'(l + Xn+i)" 1 = y 
for x 1 G R n and \x'\ 2 + x^ +1 = 1, where p = (0, —1) is the south pole. One has 
2 \ 

-I . I i 2 = l + X n+1 . 

1+ \y\ 2 J 
The map <J> is conformal: 

^*9E = (l + x n+1 )- 2 g s . 
Define M w : C°°(S n \ {p}) -f C°°(S n \ {p}) by 

M w f = (l + x n+1 ) w f 
and M w : C°°(R n ) -> C°°(M n ) by M w <&* = $*M W , so that 

M w f = 2^(1 + \y\ 2 )- w f. 
The Yamabe operator on the sphere is Y = Ag — c\, and its conformal invariance implies 

YM l ~ n/2 $* = M~ 1 ~ n/2 $*A (3) 

acting on functions on R". 
Proposition 1. For k € N, 

f[(A s - cj) I M k - n l 2 <5>* = M- k - n / 2 $*A k . (4) 
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The analogue of dl|) for the operator ([2]) under conformal transformations of S n follows 
from ([T]) and §£§, since conjugation by $ maps conformal transformations of M. n to conformal 
transformations of S n . 

The proof begins by noting that c\ — Cj = j(j — 1), so that the left hand side of ([H) may be 
written as 

f[(Y + j(j-l))\M k - n / 2 ^. 
K j=i J 

Now pass $* through each term using ([3]) and then cancel the 3>* to obtain that ([4]) is equivalent 
to the following identity on IR n : 

[A + k(k - 1)M 2 ]M_ 2 [A + (k - l)(k - 2)M 2 ]M_ 2 • • • [A + 2M 2 ]M_ 2 A 

= Mi_ fc A fc Mi_ fc . (5) 

The identity ([5]) can be proved by induction on k. The induction uses some commutator 
identities. Denote by X = ^2,y%d yi the Euler vector field on IR n . The commutator identities are: 

[A,X] = 2A, (6) 

[X,M w ] = -w\y\ 2 M w+1 , (7) 

[A, M w ] = -wM w (2X + n-(w- l)Mi|y| 2 ) Mi, (8) 

[A fc ,M_i] =A;(2X + n + 2(A;-l))A fc - 1 . (9) 

The first three are just direct calculations. The last is an easy induction on k. Equation ([8]) has 
been written in the form above because this is advantageous below, but it is easily seen using © 
that this may also be written perhaps a little more naturally as 

[A, M w ] = -wM w+1 (2X + n-{w + l)M 1 \y\ 2 ) . 

In this form it is clear that the k = 1 case of (|9|) is the w = — 1 case of ©. 

Now prove ([5]) by induction. The k = 1 case is a tautology. Assuming the result for k and 
substituting this in the left hand side for k + 1 gives 

[A + k(k + l)M 2 ]M_ 2 Mi_ fc A fc Mi_ fc , 

which equals 

AM_ fe _iA fe M 1 _ fe + k(k + l)Mi_ fc A fc M 1 _ fc 

= M_ k AM- 1 A k M l _ k + [A, M_ fe ]M_!A fc Mi_fc + k(k + l)M 1 . k A k M 1 . k 

= M„ k A k+1 M_ k - M_ fc A[A fe ,M_ 1 ]M 1 _ fc + [A, M_ fc ]M_iA fe Mi_ fe 
+ k(k + l)M 1 _ k A k M 1 _ k . 

Upon substituting Q and (JSJ) and then using ([B]) to commute the A through the X which arises 
in the second term and finally simplifying, one finds that the last three terms add up to 0, thus 
completing the induction step. 

Acknowledgments 

This research was partially supported by NSF grant # DMS 0505701. 



C.R. Graham 



References 

[1] Branson T., Sharp inequalities, the functional determinant, and the complementary series, Trans. Amer. 
Math. Soc. 347 (1995), 3671-3742. 

[2] Fefferman C, Graham C.R., The ambient metric, larXiv:0710.0919l 

[3] Gover A.R., Laplacian operators and Q-curvature on conformally Einstein manifolds, Math. Ann. 336 
(2006), 311-334, |math.DG/0506037] 

[4] Graham C.R., Compatibility operators for degenerate elliptic equations on the ball and Heisenberg group, 
Math. Z. 187 (1984), 289-304. 

[5] Graham C.R., Jenne R., Mason L.J., Sparling G.A.J. , Conformally invariant powers of the Laplacian, 
I: Existence, J. London Math. Soc. 46 (1992), 557-565. 



